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Abstract. We define the class of weakly approximately divisible unital C*- 
algebras and show that this class is closed under direct sums, direct limits, 
any tensor product with any C*-algebra, and quotients. A nuclear C*-algebra 
is weakly approximately divisible if and only if it has no finite-dimensional 
representations. We also show that Pisier's similarity degree of a weakly ap- 
proximately divisible C*-algebra is at most 5. 



1. Introduction 

One of the most famous and oldest open problems in the theory of C*-algebras 
is Kadison's Similarity problem |12| . which asks whether every bounded unital 
homomorphism p from a C*-algebra A into the algebra B (H) of operators on 
a Hilbert space H must be similar to a ^-homomorphism, i.e., does there exist 
an invertible S ^ B (H) such that tt (A) = Sp {A) S'^ defines a *-homomorphism? 
One measure of the quality of a good problem is the number of interesting equivalent 
formulations. In this regard Kadison's problem gets high marks: 

I. Inner Derivation Problem: ( |13| . [3]) If 7W C B (H) is a von Neumann 
algebra and 6 : Ai ^ B (H) is a derivation, does there exist aT e B [H] 
such that, for every A ^ M, 

S {A) ^ AT- TA? 

II. Hyperreflexivity Problem: f |13| . [3|) If C B (H) is a von Neumann 
algebra, does there exist a i^, 1 < iiT < oo such that, for every T ^ B (H) , 

dist{T,M) < ii:sup{||Pr-rP|| : P e M', P = P* = P^} . 

III. Dixmier's Invariant Operator Range Problem ^ (Foia§ [7], Pisier |211 
Theorem 10.5], see also [lOj): If C _B (H) is a von Neumann algebra, 
A e B{H) and T{A{H)) C A{H) for every T e M, then does there 
exist D G M' such that A{H) = D {H)7 Vern Paulsen [IT] proved 
that an affirmative answer is equivalent to the assertion that the range of 
A® A® ■■■ is invariant ioi M ^ JC (i^) . 
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In [8] U. Haagerup proved that Kadison's question has an afBrmative answer 
whenever the representation p has a cycHc vector, a resuh that is independent of 
the structure of the algebra A. Haagerup [8 also showed that a honiomorphism 
p is similar to a *-homomorphisni if and only if p is completely bounded (see 
also [1]; see the union of [9] and [26] for another proof; see |16| and |17| for a 
lovely exposition of these ideas). In [18j G. Pisier proved that, for a fixed C*- 
algebra A, every bounded homomorphism of A is similar to a *-homoniorphism if 
and only if A satisfies a certain factorization property. It was shown in |10j that 
Kadison's similarity property is universally true if and only if there is a Pisier-like 
factorization in terms of scalar matrices and noncommutative polynomials that is 
independent of the C*-algebra. It was also shown in jlOj that li H = P ® P ® ■ ■ ■ 
and D = l©i©^©-- - and S is the unital algebra of all operators T ^ B {H) 
with an operator matrix T = {Aij) such that p{T) = D^^TD = (2-'-'.4,y) is 
bounded, then Kadison's similarity problem has an affirmative answer if and only 
if, for every unital C*-subalgebra A of S, the homomorphism is similar to a 
^-homomorphism. 

Our main focus in this paper is another amazing result of G. Pisier |18| where 
he shows that, for a unital C*-algebra A, Kadison's similarity property holds for A 
if and only if there is a positive number d for which there is a positive number K 
such that 

\\pU<K\\pt 

for every bounded unital homomorphism p on A. Pisier proved that the smallest 
such d is an integer which he calls the similarity degree d {A) of A. Here are a few 
results on the similarity degree: 

(1) A is nuclear if and only if d{A) = 2 ([2], [3], [22]): 

(2) if ^ = B{n), then d{A) = 3 ( 20!); 

(3) d{A ® JCin)) < 3 for any C*-algebra A ([8], [19]); 

(4) if is a factor of type Ih with property F, then d{M) = 3 ([5]); 

(5) if A is an approximately divisible C*-algebra, then d (A) < 5 [14] . 

(6) if A is nuclear and contains unital matrix algebras of any order, then 
diA (E)B) <5 for any unital C*-algebra 6 ([23J); 

(7) if A is nuclear and contains finite-dimensional C*-subalgebras of arbitrar- 
ily large subrank (see the definition below) , then d{A ;B) < 5 for any 
unital C*-algebra B [14] : 

(8) if A is nuclear and contains homomorphic images of certain dimension- 
drop C*-algebras Zp_q for all relatively prime integers p, q (e.g., A contains 
a copy of the JiangSu algebra), then d{A'S^B) < 5 for any unital C*-algebra 

Bm- 

In this paper we define the class of weakly approximately divisible C*-algebras 
and show that this class is closed under unital *-homomorphisms, arbitrary tensor 
products and direct limits. We also define the class of tracially nuclear C*-algebras 
that properly contains the class of nuclear C*-algebras, and we show that a tracially 
nuclear C*-algebra is weakly approximately divisible if and only if it has no finite- 
dimensional representations. We prove that if A is weakly approximately divisible, 
then d {A) < 5. We extend the results 6-8 above to the case when A is tracially 
nuclear and has no finite-dimensional representations, and the tensor product is 
with respect to any C*-crossnorm. 
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2. Weakly approximately divisible algebras 



If r is a tracial state on we let ||-||^ denote the seminorm on M. defined in 
the GNS construction by 

\\a\\l = Tia*a). 

Suppose S is a finite-dimensional unital C*-subalgebra of a unital C*-algebra 
A. First we know that B is *-isomorphic to Mk^ (C) © • • • © A^fe„ (C) and the 
subrank{B) is defined to be min (fci, . . . , km) ■ Note that if tt : S — >^ X> is a unital 
*-homomorphism, then 

subrank{B) < subrank{'K {B)) . 

If Pi = IffiO©- • - ©0, P2 = Offil©Offi- • - ©0, . . .,P„ = 0©- • - ©1 are the minimal 
central projections of B, then, for 1 < s < m, we have PsAPs is isomorphic to 
M-k^ {'C)®As = {-A-s) for some algebra . The relative commutant of Al^^ (C) 
in Mk^ [As] is 



A 



I>.s 



: A&As 



and the relative commutant of ,B in ^ is Pi © • • • © Dm ■ Suppose T E A, and 

P5TP5 = (ajjs)i<ij<fe^ • = '^^"'9 (c, ■ • ■ , c) where c = -Jj (ans H h ak^kss)- 

The map : A ^ B' (1 A sending T to Di © • • • © Dm is called the conditional 
expectation from ^ to S' fl ^ and is a completely positive unital idempotent. For 
1 < s < TO, let Qs be the group of all matrices in Aiks suet that the only one 
nonzero entry in each row and each column is 1 or —1, and let Q = Gi®- • -OGm Q B. 
Then we have 

(W) ^»m = cd»S/™*- 

Moreover, if S e B' n A and T e A, then 

Eb (ST) = SEb (T) and Eb (TS) = Eb (T) S. 
Furthermore, if r is a tracial state on A, then, for every A G A, 

\\Eb{A)\\^<\\A\\^. 

Suppose is a von Neumann algebra and {vi : i £ 1} C M is a. family sat- 
isfying '^i^jvlvi = 1 (convergence is in the weak*-topology) . Then (T) = 
'^i^j v*Tvi defines a unital completely positive map from M. to M.. Let us call 
such a map internally spatial, and call a unital completely positive map internal if 
it is a convex combination of internally spatial maps on M. 

Remark 1. There are two key properties of internal maps: 

(1) They can he pushed forward through normal unital *-homomorphisms be- 
tween von Neumann algebras. Suppose A4 and Af are von Neumann al- 
gebras and p : M. ^ N is a unital weak*-weak*-continuous unital *- 
homomorphism, and suppose {vi : i £ 1} C M with X^^g/ v*Vi = 1 
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V (r) — ''^i'^'^i- Then {tt (vi) : i <E 1} Q M and 

1 = TT (1) = TT ^ V*V., j = X! • 

\iei / iei 

We define ^p" (S) — X^ie/ (^0* '^'^ i'^i)' '^'^'^ '"'^ have, for every a ^ Ai 
ip^ (a)) ^n{ip (a)) . 

5o if b Cz TT (A) and b ~ tt (a) , then ip'^ (b) = tt [ip (a)) , which independent 
of a. For a general ip this only makes sense when (^(kerTr) C kerTr. It 
follows that p^ makes sense when p is an internal map, and in this case, 
tp'^ is an internal map on Af. 
(2) If ip (T) = '^i^j v*Tvi and T commutes with each Vi, then, for every S, 
we have 

ip{ST) = p{S)T. 

Hence if ip is a convex combination of spatially internal maps defined 
in terms of elements commuting with an operator T, we have ip {ST) — 
^{S)T. 

Definition 1. We say that a unital C*-algebra A is weakly approximately 
divisible if and only if, for every finite subset J- of A there is a net {{B\,ip\)}^^j^ 
where each B\ is a finite- dimensional unital C*-subalgebra of A^'^ and p\ is an 
internal completely positive map such that 

(1) \iuY\subrank{B\) ~ oo, 

(2) px:A^B'^r\A**, 

(3) For every a E J- , p\ (a) — >■ a in the weak*-topology on A'^'^ . 

Remark 2. Suppose n is a positive integer and let V„ be the set of n-tuples 
(ai,...,a„) of elements in A such that the conditions in Definition]^ hold when 
T— {fli, . . . , a„}. Suppose Uk is a weak* -neighborhood of a^. in A'^'^ for 1 < k < n. 
Since addition on A"^"^ is weak*- continuous, there is a weak* -neighborhood Vk of 
flfe and a weak*-neighborhood E of Q such that 

Vk + ECUk 

for 1 < k < n. Suppose {bi, . . . , 6„) is in the norm closure of Vn and suppose Uk 
is a weak* -neighborhood of bk in A'^'^ for 1 < k < n. Since addition on A'^'^ is 
weak*-continuous, there is a weak*-neighborhood Vk ofbk and a weak* -neighborhood 
E of such that 

Vk + ECUk 

for 1 < k < n. Since C E and E is weak*- open, there is an e > such that 
{x G A"^"^ : ||a;|| < e} Q E. Now choose (ai, . . . ,a„) € V„ so that Ok G Vk and 
\\o-k — bk\\ < s for I < k < n. Next suppose m is a positive integer. It follows from 
the definition of Vn that there is a finite- dimensional C*-subalgebra B of A'^'^ and 
a completely positive unital map ip : A ^ B' A"^"^ such that subrank{B) > m and 
such that p (ak) G Vk for 1 < k < n. It follows that ip {bk)—ip (uk) — ip {bk — ak) G E 
for I < k < n, so 

V {bk) eVk + ECUk 
for 1 < k < n. Hence {bi,. .. ,6„) € V„. Thus V„ is norm closed. It is also clear 
that Vn is a linear space. Hence, to verify that A is weakly approximately divisible. 



SIMILARITY DEGREE 



5 



it is sufficient to show that the conditions of Definition[l\ holds for all finite subsets 
J- of a set W whose norm closed linear span sp (W) is A. 

Recall [25j that a C*-algebra A is nuclear if, for every Hilbert space H and 
every unital *-liomoniorphisni t: : A B (H) we have tt (A) is a hyperfinite von 
Neumann algebra. We say that A is tracially nuclear if, for every tracial state r 
on A with GNS representation tTt we have tTt (A)" is a hyperfinite von Neumann 
algebra. As a fiip side of the notion of RFD C*-algebras, we say that a unital 
C*-algebra A is NFD if A has no unital finite-dimensional representations. 

Theorem 1. Suppose A andV are unital C*-algebras. Then 

(1) If A is approximately divisible, then A is weakly approximately divisible. 

(2) If A is weakly approximately divisible and t: : A T> is a surjective unital 
^-homomorphism, then T) is weakly approximately divisible. 

(3) // A is weakly approximately divisible, then A has no finite- dimensional 
representations. 

(4) // A is weakly approximately divisible, then A SDmax 2? is weakly approxi- 
mately divisible. 

(5) A finite direct sum X]f<A:<n -^^ unital C*-algebras is weakly approxi- 
mately divisible if and only if each summand Ak is weakly approximately 
divisible. 

(6) Ifn is a positive integer, then A®M.n (C) is weakly approximately divisible 
if and only if A is. 

(7) A direct limit of weakly approximately divisible C*-algebras is weakly ap- 
proximately divisible. 

(8) If A is an NFD C*-algebra and A4 is the type IIi direct summand of A"^"^ 
and 7 : — !■ is the inclusion into A'^'^ followed by the projection map, 
then A is weakly approximately divisible if and only if, for every finite 
subset T C_ A there is a net {{Bx, ip\)} where B\ is a finite- dimensional 
C*-subalgebra of A4, ipx is an internal map on M and 

tfx (tt (a)) -> 7(a) 

in the weak*-topology for every a E J-. 

(9) // A is tracially nuclear, then A is weakly approximately divisible if and 
only if A is NFD. 

(10) If A is nuclear, then A is weakly approximately divisible if and only if A 
is NFD. 

Proof. (1) . This follows immediately from the definitions. 

(2) . If TT : ^ — )■ P is a surjective unital *-homomorphism, then n extends to 
a weak*-weak*-continuous surjective unital *-homomorphism p : A'^'^ V'^'^. 
Given di, . . . , (i„ G D, choose ai, . . . , a„ G ^ so that tt (ak) — dk for 1 < fc < n. 
Choose a net {{Bx, '■Px)} according to Definition [1] with F = {ai, . . . , a„}. It follows 
that is an internal completely positive map on T)'^'^ and 

{V)^^i{p{A))=p{vx {A))C 

p{B'xC^A**) Cp{Bx)'nV**. 
Further for each dk we have 

w*-lim(y5^ {dk) w*-limp(93A (ofe)) = p{ak) = dk, 
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since p is weak*-weak*-continuous. Since subrank(;BA) <subrank(p (Ba)), we con- 
clude that T) is weakly approximately divisible. 

(3) . This follows from (2) and the obvious fact that no finite-dimensional C*- 
algebra is weakly approximately divisible. 

(4) . Let p : ^ ®max 2^ — > ^max I')'^'^ be the natural inclusion map. We 
can assume {A CSimax V)*"^ C B (H) for some Hilbert space H so that, on bounded 
subsets of ®max I')'^*, the weak*-topology coincides with the weak-operator 
topology, li p : A ^ A® ICA (^imax 25 is the inclusion map, then there is a weak*- 
weak*-continuous unital *-homomorphism a : y^** — )■ {A (8>max V)"^"^ such that the 
restriction of cr to ^ is p. Let W = {a®h : a £ A,h £ B}. Clearly, IpW = A®ma.yiB 
(where the closure is with respect to ||||„iax)- Suppose oi (g) &i, . . . , a„ (g) 6„ S W. 
Since A is weakly approximately divisible, we can choose a net {{B\,^\)} as in 
Definition [H We know that {<Pa} is a net of internal maps on {A SSmax Vy^"^ and 

ip'i [ttk ®l) = (px (o" (ofc)) = 0- (ipx (ak)) o (uk) = afc (g) 1 

in the weak*-topology for 1 < fc < n. On the other hand each ipx is a convex 
combination of spatially internal maps defined by partial isometrics in A'^'^ , so each 
ifx is a convex combination of spatially internal maps defined by partial isometrics 

in a (A^'^) which is contained in (.4 (8)„iax 2')'^* fl (1 (g) . Hence, for every 

S £ {A (8)max V)'^'^ and every d € I?, we have 

Pl {S{l®d)) = pl {S){l®d). 

Hence, for 1 < fc < n 

ifl (ofc ® dk) = ifil {{ak ® 1) (1 (g) dk)) = ifil {ak (E) 1) (1 4) ■ 
But (fx {ak eg) 1) — > Cfe (g) 1 in the weak*-topology. Hence 

(fx {ak ® dk) ttk'Sidk 
in the weak*-topology on {A ®max S)'^"^ for 1 < fc < n. Since, for every A, 

subrank {Bx) < subrank (cr {Bx)) , 
we see that A (gmax B is weakly approximately divisible. 

(5) . This easily follows from the fact that {Ef<k<n -^k) = Ef<fe<„ -^t* ■ 

(6) . This is clear, since {A ® Mn {€))** is isomorphic to A** (g Mn (C). 

(7) . Suppose {Ai : i G /} is an increasingly directed family of C*-subalgebras 
of A such that W = Ui^iAi is dense in A. Suppose T C W is finite. Then there 
is an i g / such that T C Ai- If p : — >■ ^ is the inclusion map, there is a 
unital weak*-weak*-continuous unital *-homomorphism a : Af"^ A"^"^ whose 
restriction to Ai is p. The rest follows as in the proof of (2). 

(8) . If ^ is weakly approximately divisible, then for a finite subset C ^ we 
can find a net {(Sa,<Pa)} as in Definition [1] that works in A^'^ , and if we project 
all of this onto AI, we get the desired net. Now suppose A satisfies the condition 
in (8). We can write A'^'^ — A4 ©A/", and since A has no finite-dimensional 
representations, Af is the direct sum of a type Joo algebra, a I loo and a type /// 
algebra. In particular this means that there is an orthogonal sequence {Pn} of 
pairwise Murray- von Neumann equivalent projections whose sum is 1. Suppose N 
is a positive integer, and let Qk = X]^^(fc-i)Ar-i-i ^j- Then {Q„} is an orthogonal 
sequence of pairwise equivalent projections whose sum is 1. We can construct a 
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system of matrix units {Eij}i<ci j^ao ^'^ i^sX Ekk = Qk for all k > 1. Then every 
T G A/" has an infinite operator matrix T = {Tij) ■ The map 

oc 

ipN (T) = diag (Tn, Tn, . . .) = ^ EjiTE*-^ 
is spatially internal and, for every T 

i'N (T) 






in the weak*-topology. Hence tpM (T) — > T in the weak*-topology. Moreover, 
MriipN (-A/")' contains full matrix algebras of all orders. Next suppose C ^ is 
finite. For each A G we write A = j{A)®Ta relative to A** = M^Af. Given 
the net {{B\, (fix)} in based on our assumption on A, wc let Nx = subrank(BA) 
and choose a full A^a x A^a matrix algebra Cx in AfOipN (A/")'. Then tx{S ®T) = 
<^A {iS) © V'jva (T) is an internal map on whose range is in {Bx ® Cx)' n .4.** 
such that 

rx (A) ^ A 

in the weak*-topology for every A G !F. Hence A is weakly approximately divisible. 

(9) . Let Ai and 7 be as in (8). Let A be the set of all triples A = {Tx, 7a, kx) 
where J^a C ^ is finite, 7a is a finite set of normal tracial states on M, and kx & N. 
With the ordering (C, C, <) we see that A is a directed set. If r is a tracial state 
on A1, we let II • II denote the seminorm on M defined by 



Suppose A e A. There is a central projection P e so that A4 = Ada ® -Ms 

e 

{M-a = PAi) and so that 7 = 7a © 7s and such that 7a << tt,- and 7s disjoint 

reTx 

© / ® \ 

from tTt- Since, by assumption, j ^ ] (A)" = Ala is hyperfinite. Hence, 

reTx VreTx / 

there is a finite-dimensional unital subalgebra Vx of Ada and a contractive map 
r] : T-y ^Vx such that 

max ||P7(^)-^(^)||^<1. 

Note that ||r||^ = ||PT||^ for every T e A4 and every t & Tx- The relative 

commutant n A^a is also a Hi von Neumann algebra, so there are kx mutually 
orthogonal unitarily equivalent projections in V'^ n Aia whose sum is 1. Hence 
©A ^ A^a contains a unital subalgebra £x that is isomorphic to A4fc (C). Similarly, 
Ais (if it is not 0) is a Hi von Neumann algebra and contains an isomorphic copy 
Qx of Aikx (C). Then Bx — ^x ® Qx is finite-dimensional and suhrank{Bx) = kx- 
Define ^x = -E'ba- For every A & Tx and r G 7a, we have 

II A - ^A (A) II, = \\PA- P^x {A)\l < \\PA -n{A)\\^ + llr? {A) - Es, {PA)\l = 

\\PA - rj {A)\\^ + \\Es, (ry {A)) - E,, {PA)\l < 2 \\PA {A)\\^ < A 
Clearly, 

lim subrank{Bx) = 00, 
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and, since there are sufficiently many tracial states on M, we have, for every A ^ A, 

(fix (a) A 

in the ultrastrong topology on A4. By assumption A has no finite-dimensional 
representations, so it follows from (8) that A is weakly approximately divisible. 

(10) . This follows immediately from (9) since the nuclearity of A is equivalent 
to the hyperfiniteness of tt {A)" for every representation tt of ^. □ 



3. Similarity degree 

Theorem 2. If A is weakly approximately divisible, then the similarity degree 
of A is at most 5 . 

Proof. Suppose iJ is a Hilbert space and p : A ^ B (H) is a bounded 
unital homomorphism. Then p extends uniquely to a normal homomorphism p : 
A'^'^ B {H). Suppose A = (atj) G Mn (A). Since A is weakly approximately 
divisible, we can choose a net {{B\,(p\)}^f^j^ as in Definition [1] corresponding to 
J' = {fly : 1 < < n}- We know that 

Pn (flij)) = {P{f\ {a.,j))) -> {p{a^J)) = Pn {A) , 

where the convergence is in the weak* topology. Moreover, since Lp\ is completely 
contractive, we have that 

IK^A (a.,))ll<llAl|, 

so 

hmlK^, (a,,))|| = PI|, 

and 

\\Pn {A)\\ < limsup \\pn {ipx {aij))\\ . 

X 

However, ipx{aij) G B'^ for 1 < i,j < n and lim\ subrank{Bx) ~ cxd. So the 
remainder of the proof follows from Lemma 3.1 in jl4| . □ 

In |23j F. Pop proved that if ^ is a nuclear C*-algebra containing copies of 
Mn (C) for arbitrarily large values of n, then the similarity degree oi A(8 B is at 
most 5 for every unital C*-algebra B. In |14j the second author showed that this 
result remains true if A is nuclear and contains finite-dimensional algebras with 
arbitrarily large subrank. It was shown by that if A is nuclear and contains 
homomorphic images of certain dimension drop C*-algebras Zp q for all relatively 
prime integers p, q (e.g., A contains a copy of the Jiang-Su algebra), then, for every 
unital C*-algebra B, the similarity degree oi A ® B is at most 5. The following 
corollary includes all of these results. 

Corollary 1. If A is a unital tracially nuclear NFD C*-algebra, then, for 
every unital C*-algebra B, the similarity degree of A®B is at most 5. 
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